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Abstract
We give some upper bounds for the spectral radius of bipartite graph and graph, which improve the result in Hong’s Paper
[Y. Hong, J.-L. Shu, K. Fang, A sharp upper bound of the spectral radius of graphs, J. Combin. Theory Ser. B 81 (2001) 177–183].
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1. Introduction
Let G = (V, E) be a simple graph with |V | = n and |E | = m. For vi ∈ V , the degree of vi , the set of neighbors of
vi and the average of the degrees of the vertices adjacent to vi are denoted by d(vi ) (or di ) N (vi ) and mi respectively.
Let ∆ = maxvi∈V di and δ = minvi∈V di . The spectral radius ρ(G) of G is the largest eigenvalue of its adjacency
matrix M(G). The terminology not defined here can be found in [1,2].
We now give some recent results on the upper bounds for the spectral radius ρ(G).
(1) (Cao [3], Liu [4]) Let G be a connected graph, then
ρ(G) ≤ √2m − δ(n − 1)+ (δ − 1)∆, (1)
where the equality holds iff G is either a star or a regular graph.
Remark. Theorem 2.7 in [6] is known result.
(2) (Hong et al. [5]) Let G be a connected graph, then
ρ(G) ≤ δ − 1+
√
(δ + 1)2 + 4(2m − δn)
2
, (2)
where the equality holds iff G is either a regular or a bidegreed graph in which each vertex is of degree either δ or
n − 1.
(3) (Das and Kumar [6]) Let G be a connected graph, then
ρ(G) ≤ max{i, j}∈E
√
mim j , (3)
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where the equality holds iff G is either a graph with all the vertices of equal average degree or a bipartite graph with
vertices of same set having equal average degree.
(4) (Shu, Wu [7]) Let G be a simple connected graph with the second largest degree∆′. If there are p vertices with
degree ∆, then
ρ(G) ≤ ∆
′ − 1+√(∆′ + 1)2 + 4p(∆−∆′)
2
, (4)
the equality holds if and only if G is a ∆-regular graph G ∼= K pOH (the graph obtained from K p ∪ H by joining
each vertex of K p to each vertex of H ), where H is a (∆′ − p)-regular graph with n − p vertices.
In this paper, we obtain a new sharp upper bound on the spectral radius of a bipartite graph and give some
improvement on Hong’s bound (2).
2. The spectral radius of bipartite graphs
Let G = (A ∪ B, E) be a bipartite graph with vertex set A and B, where A ∩ B = Φ, |A| = a, |B| = b, |E | = m.
Let δA = minv∈Ad(v), ∆A = maxv∈A d(v), δB = minv∈Bd(v), ∆B = maxv∈B d(v). The following bound is known
result.
(5) (Gregory, Shen and Liu [8]) Let G = (A ∪ B, E) be a bipartite graph. Then
ρ(G) ≤

√
m − aδA +∆BδA,√
m − bδB +∆AδB,√
m − 1
2
(aδA + bδB)+ 12 (∆BδA +∆AδB),
(5)
where the equality holds iff δA = ∆A, δB = ∆B(and so aδA = bδB).
Next we will give another bound.
Let M be an adjacency matrix of bipartite graph G = (A ∪ B, E). Then
M =
(
0 N
NT 0
)
,
where N is an a × b (0, 1)-matrix.
First of all, we establish the following lemma.
Lemma 1 (Ellingham and Zha [9]). Let G be a simple connected graph with n vertices and M its adjacency matrix.
Let P be any polynomial and Sv(P(M)) is the rowsums of P(M) corresponding the each vertex v, then
min Sv(P(M)) ≤ P(ρ(M)) ≤ max Sv(P(M)).
Moreover, equality holds iff the rowsums of P(M) are all equal.
Theorem 1. Let G = (A ∪ B, E) be a connected bipartite graph |A| = a, |B| = b, |E | = m.
(i) If G is a semiregular graph, i.e. d(v) = r1, for any v ∈ A, d(v) = r2, for any v ∈ B, then ρ(G) = √r1r2.
(ii) If G is not semiregular, then
ρ(G) ≤ max(ρ1, ρ2),
where
ρ1 = 12 (δB +
√
δB
2 + 4(m − δBb)),
ρ2 = 12 (δA +
√
δA
2 + 4(m − δAa)),
the equality holds iff G is a bipartite graph in which a = b, δA = δB and each vertex in A(B) is of degree δA(δB) or
b(a).
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Proof. Since Sv(Mk) is the number of walks of length k from vertex v, therefore
Sv(M
2) =
∑
{u,v}∈E
d(u)
=

m −
∑
u∈B\N (v)
d(u), if v ∈ A;
m −
∑
u∈A\N (v)
d(u), if v ∈ B. (6)
We consider the following two cases.
Case 1. (It is known result. See [1].)
d(v) =
{
r1, if v ∈ A;
r2, if v ∈ B.
From (6),
Sv(M
2) =
{
m − (b − r1)r2 = r1r2, if v ∈ A;
m − (a − r2)r1 = r1r2, if v ∈ B.
By Lemma 1, ρ2 = r1r2, ρ = √r1r2.
Case 2. Otherwise, from (6)
Sv(M
2) ≤
{
m − (b − d(v))δB, if v ∈ A;
m − (a − d(v))δA, if v ∈ B.
Hence
Sv(M
2 − δBM) ≤ m − δBb for any v ∈ A;
Sv(M
2 − δAM) ≤ m − δAa for any v ∈ B.
Clearly, there is a vertex u in either A or B such that either Su(M2 − δBM) = maxv Sv(M2 − δBM) or
Su(M2 − δAM) = maxv Sv(M2 − δAM). Thus by Lemma 1, we consider
ρ2 − δBρ ≤ m − δBb;
ρ2 − δAρ ≤ m − δAa.
We have
ρ ≤ 1
2
(δB +
√
δB
2 + 4(m − δBb)); (7)
ρ ≤ 1
2
(δA +
√
δA
2 + 4(m − δAa)). (8)
Let
ρ1 = 12 (δB +
√
δB
2 + 4(m − δBb));
ρ2 = 12 (δA +
√
δA
2 + 4(m − δAa)).
We obtain
ρ ≤ max(ρ1, ρ2). (9)
In order for the equality (9) to hold, all inequalities in the above argument must be equalities.
In particular, from (6) we have that∑
u∈B\N (v)
d(u) = (b − d(v))δB, v ∈ A (10)
5320 B. Liu / Discrete Mathematics 308 (2008) 5317–5324
Fig. 1.
and ∑
u∈A\N (v)
d(u) = (a − d(v))δA, v ∈ B. (11)
ρ1 = ρ2. (12)
Formula (10) implies that either (a) B \ N (v) = Φ, d(v) = b or (b) d(v) = δB for all u ∈ B \ N (v).
Formula (11) implies that either (a) d(v) = a or (b) d(v) = δA for all u ∈ A \ N (v).
Formula (12) implies that a = b and δA = δB .
Hence it implies that G = (A ∪ B, E) is bipartite graph, in which a = b, δA = δB and each vertex in A(B) is of
degree δA(δB) or b(a).
Conversely. Let G be a bipartite graph as above mentioned.
If v ∈ A, d(v) = b, then
Sv(M
2 − δBM) = Sv(M2)− δBSv(M) = m − δBb;
d(v) = δA, then
Sv(M
2 − δBM) = Sv(M2)− δBSv(M)
= m − (b − d(v))δB − δBδA
= m − (b − δA)δB − δBδA
= m − δBb.
Hence
ρ2 − δBρ = m − δBb,
ρ1 = 12 (δB +
√
δB
2 + 4(m − δBb)).
Similarly, if v ∈ B, we also have
ρ2 = 12 (δA +
√
δA
2 + 4(m − δAa)).
Since a = b, δA = δB , we have ρ1 = ρ2. Hence, ρ(G) = max(ρ1, ρ2). 
It is easy to show that if a, b and m are fixed, then the above upper bounds on ρ1, ρ2 are decreasing function of
δA, δB respectively.
Note that δA ≥ 1, δB ≥ 1, we have the following corollary.
Corollary 1. Let G = (A∪B, E) be a connected bipartite graph with |A| = a, |B| = b, |E | = m. Let c = min(a, b).
Then
ρ ≤ 1
2
(1+√1+ 4(m − c)).
Equality holds iff G is a nonsemiregular bipartite graph with a = b, in which exactly one vertex in A(B) is of degree
b(a) and other vertices in A(B) is of degree 1.
Example. Values of ρ and of the various mentioned bounds for the graphs in Fig. 1 give the following results.
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Fig. 2.
ρ (1) (2) (3) (4) (5) Theorem 1
G1 2.613 2.828 3.162 2.828 3.236 2.828 2.732
G2 2.732 2.846 3 3 3 3.162 2.732
Here we see that the bound in Theorem 1 is better than (1), (2), (3), (4) and (5) but it is not always true. For instance,
for the following graph G3 (see Fig. 2) the bounds in (3) and (5) are better than others.
ρ (1) (2) (3) (4) (5) Theorem 1
G3 2.136 2.449 2.449 2.236 2.303 2.236 2.414
3. An improvement on Hong’s bound
In [5], Hong et al. gave a new upper bound for spectral radius of graphs (formula (2)). Now we will improve on
formula (2).
Theorem 2. Let G be a connected nonregular graph with degree sequence d1 > d2 > . . . > dr , (2 ≤ r ≤ n). Let ni
be the number of vertices with degree di , i = 1, 2, . . . , n, where∑ni=1 ni = n. If there exists an integral number k,
1 ≤ k ≤ r such that
d1 +
r∑
j=k
n j ≤ n − 1, (*)
then
ρ(G) ≤ 1
2
dk−1 − 1+
√√√√(dk + 1)2 + 4(2m − r∑
j=k
n jd j −
(
n −
r∑
i=k
ni
)
dk−1
) . (13)
Proof. Let V (G) = {1, 2, . . . , n}. Also let di be the degree of vertex i . Then
Si (M(G)
2) =
∑
jadj i
d j
= 2m − di −
∑
j 6=i
j∈V \N (i)
d j
≤ 2m − di −
r∑
j=k
n jd j −
(
n − di − 1−
r∑
j=k
n j
)
dk−1. (14)
From the condition (*),
n − di − 1−
r∑
j=k
n j ≥ n − d1 − 1−
r∑
j=k
n j ≥ 0.
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From (14),
Si (M(G)
2) ≤ 2m + (dk−1 − 1)di −
r∑
j=k
n jd j −
(
n − 1−
r∑
j=k
n j
)
dk−1.
Hence
Si (M
2 − (dk−1 − 1)M) ≤ 2m −
r∑
j=k
n jd j −
(
n − 1−
r∑
j=k
n j
)
dk−1.
For every vertex i ∈ V (G), from Lemma 1,
ρ2 − (dk−1 − 1)ρ ≤ 2m −
r∑
j=k
n jd j −
(
n − 1−
r∑
j=k
n j
)
dk−1.
Solving the quadratic inequality, we have
ρ(G) ≤ 1
2
dk−1 − 1+
√√√√(dk + 1)2 + 4(2m − r∑
j=k
n jd j −
(
n −
r∑
i=k
ni
)
dk−1
) . 
Remark. (1) If we define
∑r
j=r+1 a j = 0, then inequality (13) is still valid for k = r + 1. In this case, inequality
(13) is Hong’s bound (2). We define that if there exists no such k in Theorem 2, then let k = r + 1. In the case, bound
(13) is bound (2).
(2) In fact, the equality in (13) cannot hold. From condition (*), we know d1 < n− 1. Suppose the equality in (14)
to hold for i = 1, then there are exactly ni vertices with di , i = k, k + 1, . . . , r , the set of whose vertices is denoted
by S, and (n − d1 − 1−∑rj=k n j ) vertices with dk−1 in V \ (N (1) ∪ {1}).
Since d1 < n − 1, S 6= Φ, it is easy to see that the equality in (14) does not hold for i ∈ S.
We can simplify inequality (13) as follows.
Corollary 2. Let G be a connected nonregular graph satisfying the conditions in Theorem 2, then
ρ <
1
2
(dr−1 − 1+
√
(dr−1 + 1)2 + 4(2m − nrdr − (n − nr )dr−1)).
Example. Values of ρ and of the various bounds mentioned above for the graphs shown in Fig. 3 give the following
results.
ρ(G) (1) (2) (3) (4) Theorem 2
G4 2.902 3.317 3.372 3 3.372 3
G5 4.409 5 5 4.623 4.541 4.451
Using the method in proof of Theorem 2, we also can improve the bound of spectral radius of bipartite graph in
Theorem 1.
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Theorem 3. Let G = (A ∪ B, E) be a connected nonregular bipartite graph |A| = a, |B| = b, |E | = m. Let degree
sequence of vertices in A be r1 > r2 > · · · > rh , where the number of vertices with degree ri is pi (i = 1, 2, . . . , h).
Also let degree sequence of vertices in B be s1 > s2 > · · · > sk , where the number of vertices with degree si is
ni (i = 1, 2, . . . , k). Then
ρ(G) ≤ max(ρ1, ρ2), (15)
where if there exists a number t, 1 < t ≤ k, such that
r1 +
k∑
j=t
n j ≤ b, (16)
then
ρ1 = 12
st−1 +
√√√√s2t−1 + 4
(
m −
k∑
j=t
n j s j
)
−
(
b −
k∑
j=t
n j
)
st−1
 .
Also if there exists a number q, 1 < q ≤ h, such that
s1 +
h∑
j=q
p j ≤ a, (17)
then
ρ2 = 12
rq−1 +
√√√√r2q−1 + 4
(
m −
h∑
j=q
p jr j
)
−
(
a −
k∑
j=q
p j
)
rq−1
 .
Proof. Let M be the adjacency matrix of G. For every vertex i ∈ A
Si (M
2) =
∑
jadj i
d j
= m −
∑
j∈B\N (i)
d j
≤ m −
k∑
j=t
n j s j −
(
b − di −
k∑
j=t
n j
)
sk−1. (18)
Note that the condition (16),
b − di −
k∑
j=t
n j ≥ b − r1 −
k∑
j=t
n j ≥ 0.
Hence, from Eq. (18),
Si (M
2 − sk−1M) ≤ m −
k∑
j=t
n j s j −
(
b −
k∑
j=t
n j
)
sk−1
Lemma 1 implies that
ρ2 − sk−1ρ ≤ m −
k∑
j=t
n j s j −
(
b −
k∑
j=t
n j
)
sk−1
ρ1 ≤ 12
st−1 +
√√√√s2t−1 + 4
(
m −
k∑
j=t
n j s j
)
−
(
b −
k∑
j=t
n j
)
st−1
 . (19)
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Similarly, using Eq. (17), for every i ∈ B,we have
ρ2 ≤ 12
rq−1 +
√√√√r2q−1 + 4
(
m −
h∑
j=q
p jr j
)
−
(
a −
k∑
j=q
p j
)
rq−1
 . (20)
Hence,
ρ ≤ max(ρ1, ρ2). 
Remark. Using the argument similar to the Remark after Theorem 2, we can prove that the equalities in (19) and (20)
cannot hold. Hence (15) is a strict inequality. Similarly, we also can simplify inequality (15) as follows.
Corollary 3. Let G be a connected nonregular bipartite graph satisfying the condition in Theorem 3. Then
ρ < max(ρ1, ρ2), (21)
where
ρ1 = 12 (sk−1 +
√
s2k−1 + 4(m − nksk − (b − nk))sk−1),
ρ2 = 12 (rh−1 +
√
r2h−1 + 4(m − phrh − (a − ph))rh−1).
Example. For the graph G6 in Fig. 4, the use of (21) give
ρ(G6) ≤ max(1+
√
3, 1+√2) = 2.732,
while the use of Theorem 1, (1), (2), (3) and (4) give ρ(G6) ≤ 2.791, ρ(G6) ≤ 3.317, ρ(G6) ≤ 3.317, ρ(G6) ≤
2.739, ρ(G6) ≤ 3.2361. Here we see that the bounds in (21) is better than others.
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